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ABSTRACT. Let ¥ be a generalized Hilbert algebra and let J be a closed
right ideal of 9. Let TLldenote the pre-Hilbert space orthogonal complement of
J in¥. The problem investigated in this paper is: for which algebras ¥ is it true
thac ¥ =5 ® F*for every closed right ideal Jof #? In the case that % is achieved,
a slightly stronger property is characterized and these characterizations are
then used to investigate some interesting examples.

Introduction. It is known that for full Hilbert algebras, the complementation
property holds for both closed left and right ideals. This fact is due to Yood [7].
For achieved generalized Hilbert algebras the problem is more subtle although
not difficult. A number of characterizations of a strong complementation property
are given below. Perhaps the most useful of these is Theorem 1.11. Several cases
are analyzed using this theorem. I would like to thank T. W. Palmer for suggest-
ing this problem to me.

Definitions and notation. The definitions and notation of M. Takesaki’s print-
ed notes [6] will usually be used without reference. In particular, if ¥ is a gener-
alized Hilbert algebra, its involution will be noted by # and for & € ¥, #(£) will
denote the unique continuous extension to the completion of U of the operator
**left multiplication by £”. If b is the conjugate linear adjoint of # and if N is
in the domain of b then one can define an operator on ¥ by: 7' ()¢ = AlEM for
all £ €U, 1 #'(N) is bounded on ¥ then the unique bounded extension of #'(N)
to the completion of ¥ is denoted by #'(M) also. The set of all N in the domain
of b such that #'(1) is bounded will be denoted by U'. By Lemma 3.3 of [6], &'
is an algebra with involution b such that (¥')? is dense in the domain of b. In
particular, ¥’ is dense in the completion, H() of U. If £ is any element of
H®) one can define an operator m(¢) with domain ' by: elEN = 7"V for all
M e, 1f o) is bounded on U’ then the unique bounded extension of #(¢) to
K@) is denoted by n(&) also. The set of all elements & of H(¥) such that (&)
is bounded will be denoted by H‘l'
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If ¥isa generalized Hilbert algebra, a subset K of H(¥) is said to be
right invariant; left invariant; or two-sided invariant tespectively if (UK c K;
AWK C X; or both 7" (U)K CK and (WK C K. If K is any Hilbert space and K
is any subset of H then KO is defined by KO- {€ e H|(HT0 =0 for all T € K1
If ¥ is any generalized Hilbert algebra and X isthe completion of ¥, then for
any subset J of ¥, J+ is defined by 5+-9%n w. Moreover, J ~ is defined to
be the closure of T in H and J = j N U js the relative closure of J in ¥.

1. The complementation property.

1.1 Lemma. Let ¥ be a generalzzed Hilbert algebra. If T is a right (left;
two-sided) ideal of U, then T is a closed right (left; two-sided) ideal of U. More-
over, J X and J© are closed right (left; two-sided) invariant subspaces of Hw).

Proof. Since 7 is a *representation of ¥ as bounded operators on K, the
proof for left ideals is easy. Thus, it suffices to give the ,Ftoof for right ideals.

Let J be a right ideal of U. It is fxrst shown that I isa right invariant
subspace of H. Let T ¢ ¥’ and let ¢ eTH . Let {£1cT and {T(n} C¥U be se-
quences such that lim «f” =¢ and hm” f)'(" = . Then,

2 O0E = lim 7' QU¢, = lim n(f M = lim lim € M.

But, (&, )"( =¢, 7'( € fT so that 7 (.‘)'()f € 3' . Therefore, 71( is nght invariant
and since 7' is an anti-*representation of &' on H we have that fT is also
right invariant.

To see that J* is a right ideal of ¥, let £ €T and let £ €U Let (£} C
U’ be a sequence such that lim ¢ =& Then, ¢£ €U and {£=lim #(QE =
lim 7 (:f ). But, #'(£)¢ 63@ so that £ eTON YU = g+,

1.2 Lemma. Let U be a generalized Hilbert algebra such that w(¥) is a left
ideal in L(Y). Let E be a closed right invariant subspace of H(¥). Then E N
U is dense in E and is moreover a closed right ideal of U.

Proof. Let P be the orthogonal projection on E. Since P commutes with
7' (A, P is in L(Y). Hence W(P(A)) = Pr(W) C (W) or P(U) CU. Thus, P(U) C
UNE is dense in E since ¥ is dense in H. It is fairly clear that Y N E isa
closed right ideal of ¥.

1.3 Definition. Let ¥ be a generalized Hilbert algebra. Then, ¥ is said to
be strongly orthocomplemented if for every closed right ideal J of ¥, it is true
that =T & ffl, and for every nonzero projection P in L(¥), P(A) N A £ {ol.

1.4 Example. An achieved generalized Hilbert algebra ¥ and a nonzero pro-
jection P in L(¥Y) such that P(Y) n U = {o}.

Let X be a separable Hilbert space with orthonormal basis {x_ 1> _;.
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Let $(H) denote the von Neumann algebra of all bounded linear operators on } and
define a function ¢ on the positive elements T of BH), via H(T) = 3% n(Tx |x ).
Then ¢ satisfies the hypotheses of Theorem 2.13 of [2] and so if U ={T € B(H)|
HT*T) + (TT*) <o} then U is an achieved generalized Hilbert algebra with
linear product (T|S) = ¢(S*T) (¢ can be uniquely extended to U) and L(Y) is nat-
urally isomorphic to B(H). Let P be the projection on the vector 57°_ n™1x .
Then, P € B(H) but, P £ U since $(P) = =. Now, P(U) N U is a righe ideal of A
and so by Theorem 1.14 of this paper there is a nonzero projection Q € P(U) N U
if P(U) n A £1{0}. But, then P(Q) = Q and so Q < P. However, P is a minimal
projection of L()and so Q = P, a contradiction. Hence, PAl) U ={0}. Virtually
the same example is given on p. 59 of [2], although the above example was dis-
covered independently.

1.5 Proposition. Let U be a generalized Hilbert algebra such that () is
a left ideal in L(Y). Then U is strongly orthocomplemented.

Proof. Let J be a closed right ideal of ¥. Then X = THe 90 Le el
with € =¢ + Nwhere £ € TH and Ne TC Let P be the orthogonal projection on J . Then
as in the previous lemma pé={eUnN 3' = 9. Therefore, 1 e UNTO= T+ and
so U= & T

Let P be a nonzero projection in L(Q). Since P(¥) C U by hypothesis and
P(Y) £ {o}, PQD) N U £ {ol.

The previous arguments are only slight modifications of those in [7]. Thus,
it is perhaps surprising that Proposition 1.5 has a converse.

1.6 Lemma. Let U be a generalized Hilbert algebra which is strongly ortho-
complemented. If P is any projection in L(Y) then P(Y) C U,

Proof It is first shown that P(¥) N U is dense in the range of P. Let K =
P A U Tt The, since P(Y) N U is a right ideal of ¥, X is a closed right in-
variant subspace of H(2) by Lemma 1.1. If Q is the projection on X then Q €
L(¥) and Q < P. Let P - Q=R a projection in L(A). If R £0 then there is a
nonzero element € € U such that RE= £, But, then PE= ¢ since P> R and so
£ eX. Thus, £=Q&=PE-RE=0, a contradiction. Hence, P(W) N U is dense in
the range of P.

Let T =P(W) n U. Since T is a closed right ideal of U one has A =T &
9. But since J is dense in the range of P, F* is contained in the orthogonal
complement of the range of P. Hence, P(¥) = P(T) =T c U,

1.7 Theorem. Let U be a generalized Hilbert algebra which is strongly ortho-
complemented. Then U = U, o' U, where U, is a commutative strongly ortho-
complemented Hilbert algebra and ?Iz is a (strongly orthocomplemented) general-
ized Hilbert algebra such that w(¥,) is a left ideal in L(U,).
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Proof. Let P be the largest abelian central projection in L(W). Since ¥ is
strongly orthocomplemented, it is easy to see that %, =P and 4 =0-P @
are closed two-sided ideals of % and U =, e U,. It is not dn‘hcult to see
that each of ¥, and U, is invariant under # and hence they are generalized Hilbert
algebras. Clearly, u, and U, are strongly orthocomplemented and %, is commu-
tative. To see that ¥, is a Hilbert algebra, let {£} ., be a left approximate
identity in & and let J, { € U ,. Then,

TS = lim € JUE) = Lim OE,|L) = lim (€, *¢) = Lim (£,1¢N%)

= lim (CHE MM = liam (€ LM = (CH Y.

Hence ?Il is actually a Hilbert algebra. Now, let Q € L(?Iz) be a projection.
Then by Lemma 1.6, Q(¥,) C%,. Now, one can identify L(Y,) and (1 - P)L(Y)
so that L(?Iz) has no nonzero abelian direct summands. Therefore, by a theorem
of Fillmore and Topping [3], L(¥,) is generated algebraically by its projections.
That is, T(A,) CU, for all T € L(U,) which implies that m(¥U,) is a left ideal in
L(L).

1.8 Corollary. Let U be a generalized Hilbert algebra such that L(Y) has no
infinite-dimensional abelian direct summands. Then U is strongly orthocomple-
mented if and only if m(¥) is a left ideal in L().

1.9 Example. A commutative strongly orthocomplemented Hilbert algebra U
such that #(¥) is not a left ideal in L(2).

Let U be the algebra of all Lebesgue measurable functions on [0, 1] which
assume only finitely many values. Give ¥ the usual pointwise operations and
inner product. Then ¥ is strangly orthocomplemented but #(¥U) is not an ideal in

L) = (L0, 1]).

1.10 Theorem. Let U be an achieved generalized Hilbert algebra. Then the
following are equivalent:

LU=K,

2. m(Y) is a left ideal in L(Y).

3. ¥ is strongly orthocomplemented.

Proof. Condition 1 implies condition 2 since m{(} ) is a left ideal in L(Y)
by Lemma 2.3 of [2]. Condition 2 implies condition 3 is just Proposition 1.5.

To see that condition 2 implies condition 1, let £ € X, and let m(¢) = UT be
the polar decomposition of m(§). Now U is in L(¥) and so T = U*m(¢) = M(U*§)
is in n(}(l). But, since T is selfadjoint, T € m(¥). That is, T = m({) for some
¢ € Y. Thus, n(§) = Ur(Q is in M(U) by hypothesis and therefore & € A. That is,
LK,
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To see that condition 3 implies condition 2 let U be strongly orthocomple-
mented and let U = U ot U, where U, is a commutative Hilbert algebra and
m¥,) is a left ideal in L(YA,) by Theorem 1.7. By Lemma 1 of [5], ¥, is a full
Hilbert algebra and so #(¥,) is an ideal in L(¥ ). Hence, #(¥) is an ideal in
L) = L) @ L().

Clearly, X ; itself is always strongly orthocomplemented so that condition 1
is not too surprising. Next, a useful inequality is obtained which tells when an
achieved algebra is strongly orthocomplemented.

1.11 Theorem. Let ¥ be an achieved generalized Hilbert algebra. Then U
is strongly orthocomplemented if and only if there is a K> 0 such that for all

£, N0 < k(€] + (DI

Proof. Suppose that U is strongly orthocomplemented, then by Theorem 1.10,
A= }(l' However, exactly as in Proposition 1.15 of [4], it is seen that E-lél +
NEAN + 17O defines a Banach algebra norm on U and & ||€] + ||#(€)]| defines
a Banach algebra norm on }(1. Since U = }([, the open mapping theorem shows that
there is a constant M > 1 such that for all & in & ||&] + | €¥] + |7(O] <
MU &l +|m(E)]]). Therefore, ||E#] <M ~1) (€] + (&) for all £ in .

On the other hand, suppose that the condition holds. Let { € }(l and let
m({ = Ua(¢) be the polar decomposition of ). Now, as seen in the proof of
Theorem 1.10, £ € ¥ and &= £*. For each positive integer n let f, be defined
by

[,\0=1/t, t>1/n,

=0, t<1/n

Then, /n(rr(f)) € L(%) and so /n(ﬂ(f))f e}(l. But, n(/n(ﬂ(f))f) = /n(ﬂ(f))ﬂ(f) is
a selfadjoint idempotent in L(Y) and so e_= 1, (#(£))¢ € U, Since n(£) is pos-
itive, {m{e )} converges to the range projection of m({) in the strong operator
topology. However, since U’ contains an approximate identity, £ is the closure
of the range of n({) and so lim e &=¢. But, e and ¢ commute so that

lim &e =¢.

Now, let € be any positive number and let e be such that e - & <e/2.
Then, since {=U¢, (e, = | = [|Un(f)e,, - U£| < ||€e,, = €]l <€/2. By the
Kaplansky density theorem choose J1 € & such that |#(JV| < |7{()] and Imen -
e, |l <e/2. Then, |me" -] <e and Hn()'(e")" < 1aJ0) < 1))l The above
argument implies that there is a sequence {{ } C U such that lim { =¢ and
[la(¢ ) < 17|, By assumption this implies that {Cn"l is a bounded sequence
and hence by Alaoglu’s theorem there is a subsequence {{ : } and an element p
in H() suchthat ¢ :k converges to p in w*topology of H(¥). Thus, for all JUin &',
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@M = lim & PO = 1imOP1E, ) = OTP12).
k k k k

Therefore, { is in the domain of # and {* = . Thus, { € U and so U = }(I which
by Theorem 1.10 implies that U is strongly orthocomplemented.

1.12 Remark. If ¥ is achieved and the involution is continuous on ¥, then
U is strongly orthocomplemented by the previous theorem (there are easier ways
to see this). If the involution is not necessarily continuous but ¥ has an identity
1, then it is easy to see that for every T in L(¥), n(T(1)) = T so that m(} l) =
L(Y). But, then m(¥) = n(}(l) a] 77(}(1)* = L(Y) so that U = }(l and therefore U
is strongly orthocomplemented by Theorem 1.10.

1.13 Tensor products. Let X and K be pre-Hilbert spaces and let e X
be the algebraic tensor product (over the complex numbers) of H and X. Then
H®K hasa pre-Hilbert space structure given by

(Z %, @y w,® z].> =y ¥ (xk|wj)(yk|zj).

k=1 j=1 k=1 j=1

Now, if ¥ and B are generalized Hilbert algebras then & ® B has a natural al-
gebraic structure which makes U ® B into an algebra with involution. To see
that % ® B is a generalized Hilbert algebra with the above pre-Hilbert space
structure, it suffices to see that the involution on & ® B is closable as a conju-
gate linear operator on H@ ® B). However, it is easy to see that HY® B) is
just the completion of H(¥) ® H(B) and so U' ® B’ is dense in H(U & B).
Now, b (on U'® B) is a conjugate linear operator with domain dense in H(A®B)
and so has an adjoint. Clearly, the adjoint of b extends the involution on U ® B
and since the adjoint of a densely defined conjugate linear operator is closed,
the involution on A ® B is closable.

The following question can now be posed: Suppose U and B are achieved
generalized Hilbert algebras which are strongly orthocomplemented, is it then
true that (X ® B)" is strongly orthocomplemented? Clearly, if both % and B
have an identity (both have a continuous involution) then (% ® B)” will have an
identity (continuous involution) so that by the previous remark (¥ ® B)" will
be strangly orthocomplemented. Moreover, Proposition 1.13 will show that
(U ® B)" can fail to be strongly orthocomplemented even if one chooses U to
have an identity and B to be an H* algebra. First, the following theorem (due
essentially to Ambrose [1]) is needed. The proof here follows that of Rieffel [4].

1.14 Theorem. Let U be a generalized Hilbert algebra such that either U
is achieved or (¥) is a left ideal in L(N). Then any nonzero left or right ideal
of U contains a nonzero selfadjoint idempotent.
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Proof. The proof is given for right ideals only. Let J be a right ideal of ¥
such that there is some & €T with ££0. Then, £€" €T and €€% £0. Let ¢ =
EE" then nll) is a positive selfadjoint operator in L(Y). Let ] be a closed in-
terval of the real line whose interior meets the spectrum of 7{{) but such that
0 £ J. Define

f(&)=1/t2, for te€],
=0, for t£].
Then, T = f(r({)) € L(¥). Now, if ¥ is achieved then since T¢ 6}(1 and A(T¢) =
@ {)a({) is a selfadjoint operator, T¢ € U, On the other hand if #(¥) is a lefe
ideal L(Y) then, clearly, T¢ € U. Therefore, {T¢ €J, but, M TE) = Aa)n({)?
is a nonzero selfadjoint projection in L(¥) and so {T{¢ is a nonzero selfadjoint
idempotent in J.

1.15 Proposition. Let U and B be achieved generalized Hilbert algebras
which are strongly orthocomplemented, Suppose that U has a discontinuous in-
volution and that B does not have an identity. Then (U ® B)" is not strongly
orthocomplemented.

Proof. We first show that the set of projections in B is unbounded. Let &
be a maximal family of orthogonal projections in B. Then, since B is strongly
orthocomplemented one can use the previous theorem and the maximality of 6o
show that $ = Ee ege.?f?). Now, if the set of projections in B were bounded, say,
K> 0 then for every finite subset F of &,

e.f-;ueu’= é::; e

That is, 3 6I|e|| 2 would converge and so = e g€ Would define a selfadjoint pro-
jection of B. But, since Ee eéeﬁ =B, Ee c6® would be a left identity for B and

2
<K2

therefore an identity. Since $ has no identity by hypothesis, the set of projec-
tions in B is unbounded.

Now, since the involution on ¥ is discontinuous, let {£ }C ¥ be a sequence
such that limnfn =0 but lltfz" =1 for all n, Now, choose a sequence of self-
adjoint idempotents {e_}C B such that le Il > alla(&)]. 1f (X ® B)" were strong-
ly orthocomplemented then by Theorem 1.11 there would exist a constant K> 0
such that [|¢*]| < K(IC] + | for all ¢ in (X @ B)”. But, then ||«f: ® el
<K(IE,® e ]+ IWE, © e )) o 0< /K < IE, 1 + Ie )/l 1 < 1€+ 1/
for all positive integers n which is a contradiction. Hence, (U ® $)" is not
strongly orthocomplemented.

1.16 Direct sums. Let {¥,},., be a collection of generalized Hilbert alge-
bras. Then the algebraic direct sum of {¥_}, ., is clearly a generalized Hilbert
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algebra with the obvious operations and inner product. This algebra is denoted by
2. AU, Clearly 2, U is strongly orthocomplemented if and only if each U,
is strongly orthocomplemented. However, each %, can be achieved and strongly
orthocomplemented while (£,,.,%.)" is not strongly orthocomplemented, as seen
below.

1.17 Example. Let H be a separable Hilbert space with orthonormal basis
fxn}n _q- Let % be the set of all bounded linear operators on H and let # denote

the usual operator adjoint. Give U the following inner product:

€m=3 -le(kamx,e) for &, T e,

k=1
Then, ¥ is an achieved generalized Hilbert algebra with identity and therefore is
strongly orthocomplemented. Let 8 = (27°_ U)". For each positive integer n,
let fn € U be defined by uf"(z) = (z[xn)xl for all z € H. Then, for each n, ||§n|l2
=1/2", bue ||f"]|2 % sothat > _ |I& |2 < o, but == ek |2 = =. Moreover
€N <1 for each 7 so that is it easy to see that {£ i _, €}, but is not in B.
By Theorem 1.10, B is not strongly orthocomplemented. One notes that B satis-
fies the second but not the first condition in the definition of strongly orthocom-
plemented. If one takes the direct sum of B with the example in 1.4, one obtains
an achieved generalized Hilbert algebra which satisfies neither condition of the
definition.

1.18 The generalized Hilbert algebra of a group. Let G be a locally compact
group with left Haar measure p and modular function A. Let ¥ (G) be the (con-
volution) algebra of all continuous complex valued functions on G with compact
support. Equip ?IO(G) with the following inner product and involution:

(flg) = fG/(x)g(T)dp(x),

f6)=Aly=Y7(y=1) forall y€G, and for all f, g€ Uy(G).

Then, U (G) is a generalized Hilbert algebra. Define (G) = (U (G)" and call
U(G) the generalized Hilbert algebra of G.

I G is unimodular, then (G) is a full Hilbert algebra and so is strongly orthocom-
plemented. On the other hand, if G is not unimodular then U(G) is not strongly orthocom-
plemented. To see this, let G be unimodular so that A is unbounded on G. Since G is
not discrete, for each positive integer 7 there is an open set W C G with
compact closure such that y(W )<1 and Alx) > #? for all x € W Now, the
characteristic function Xw, of W _ is clearly in the domain of # and the operator
8 P Xw,, *g is bounded for g € L%G) - K(6) by u(W ) < 1. Thus, Xw, € AG)
for each postive integer n. Now, an easy calculation shows that
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= fGA(x)an (x) dp(x) > nzy(W").

If U(G) were strongly orthocomplemented, then by Theorem 1.11 there would exist
K > 0 such that for each n

)2 < Dy 1< Kllxy 1+ oy DID < KGO+ W, ).

Or, n < K(1 + u(Wn)% < 2K for all positive integers m» which is a contradiction.
Hence UW(G) is not strongly orthocomplemented.

I would like to thank J. P. Williams for pointing out the existence of Fillmore
and Topping’s paper [3].
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